
(low Pm), together with the large-scale flow, may be more efficient
in transporting magnetic energy to small scales. However, such an
effect will vanish in any case when the turbulent eddies become
smaller than the length scale l B at which diffusion dissipates
magnetic energy. One interpretation of our finding is that a weak
dependence on the magnetic Prandtl number at values Pm < 1
disappears for Pm , 1. We therefore suggest that the simpler
scaling law (equation (3)) represents Earth’s core conditions reason-
ably well.

In order to calculate the dissipation of the geodynamo, we must
know Rm and the total magnetic energy in the core. We use the
dependence of the secular variation on Rm in our dynamo models
to estimate the core value. The timescale of secular variation
depends on the spherical harmonic degree n, and is defined as:

tn ¼
Xn

m¼0

g2
nm þ h2

nm

� �* +
=

Xn

m¼0

_g2
nm þ _h

2

nm

� �* +" #1=2

where g,h are the Gauss coefficients, the dot marks their time
derivative and k l the time average. For the geomagnetic field, tn

decreases with n (ref. 15). To derive a single time constant of secular
variation tsec we attempt a simple fit of the form tn ¼ tsec/n,
although a somewhat stronger dependence on n might better
represent the present rate of secular variation (R. Holme, personal
communication). Excluding the dipole part, the fit is fair for n ¼ 2–
8 in the time period 1840–1990 and gives tsec ¼ 535 yr (Fig. 3a). The
secular variation in the dynamo models, averaged over much longer
time, follows more closely a 1/n-dependence. tsec depends on the
inverse of the magnetic Reynolds number (Fig. 3b). The estimated
secular variation time of the geomagnetic field requires Rm ¼ 1,200
in the core, which leads to a magnetic dissipation time of 42 yr.

The factor between the mean magnetic field strength inside the
model shell and that in degrees n up to 12 on the outer boundary is
in the range of 2.5–5 in our non-reversing dynamos and 7.5 in the
reversing case. With a likely factor of 5–7.5 for the geodynamo and
an r.m.s. field strength (n , 13) at the core–mantle boundary of
0.39 mT (ref. 16), we infer 2–3 mT for the field in the core, which
gives Emag ¼ (2.8–6.2) £ 1020 J. From equation (2) the ohmic dis-
sipation is found to be 0.2–0.5 TW.

For the recently preferred high-power-consumption values of the
geodynamo of .1 TW (refs 2, 3, 17), the required heating could be
supplied by .200 p.p.m. potassium in the core17. Although recent
experiments suggest that such concentrations are possible7,18, our
result suggesting a more moderate power requirement relaxes severe
constraints on core evolution, and removes the strong need for heat
sources in the core. The inner core could be much older than 1 Gyr;
thermal modelling1 predicts an inner core age of 2.4 Gyr for
Dohm ¼ 0.5 TW and ,3.5 Gyr for Dohm ¼ 0.2 TW. As the geody-
namo must operate differently in the absence of an inner core or
may not operate at all, the existence of a magnetic field of roughly
present-day strength over the past 3.5 Gyr (ref. 19) is more easily
reconciled with an old inner core. A
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Redfield noted the similarity between the average nitrogen-to-
phosphorus ratio in plankton (N:P 5 16 by atoms) and in deep
oceanic waters (N:P 5 15; refs 1, 2). He argued that this was
neither a coincidence, nor the result of the plankton adapting to
the oceanic stoichiometry, but rather that phytoplankton adjust
the N:P stoichiometry of the ocean to meet their requirements
through nitrogen fixation, an idea supported by recent modelling
studies3,4. But what determines the N:P requirements of phyto-
plankton? Here we use a stoichiometrically explicit model of
phytoplankton physiology and resource competition to derive
from first principles the optimal phytoplankton stoichiometry
under diverse ecological scenarios. Competitive equilibrium
favours greater allocation to P-poor resource-acquisition
machinery and therefore a higher N:P ratio; exponential growth
favours greater allocation to P-rich assembly machinery and
therefore a lower N:P ratio. P-limited environments favour
slightly less allocation to assembly than N-limited or light-
limited environments. The model predicts that optimal N:P
ratios will vary from 8.2 to 45.0, depending on the ecological
conditions. Our results show that the canonical Redfield N:P
ratio of 16 is not a universal biochemical optimum, but instead
represents an average of species-specific N:P ratios.
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Laboratory studies show that phytoplankton are flexible in their
overall stoichiometry, often matching their nutrient supply at low
growth rates5–7. However, this variability is largely due to stored
nutrients: underneath these variable pools is the relatively constant
composition of the cells’ functional machinery6. This structural
stoichiometry determines the nutrient requirements of the species.
Physiological studies have shown that the structural N:P ratio is
species-specific8. Figure 1 shows the structural N:P ratios of 29
freshwater and marine species (see Supplementary Information).
Although the median structural N:P of 17.7 is close to the Redfield
ratio, structural N:P ratios range from 7.1 to 43.3, with an outlier at
133.3. Although this data set does not include the structural N:P
ratios of the abundant marine picoplankton, Synechococcus and
Prochlorococcus, recent studies9,10 have shown that their N:P ratios
during exponential growth range from 13.3 to 33.2 and 15.9 to 24.4
respectively, within the range of our data set. We aim to understand
the causes of and limits to this interspecific variation, building on
recent work on the chemical composition of cellular machinery11,12.

Our approach to deriving optimal phytoplankton stoichiometry
has three steps. First, we analyse an underlying model of a single
species of phytoplankton given its structural stoichiometry and
ecological parameters. Next, we characterize a species by its alloca-
tion to two broad classes of cellular machinery: assembly machinery
and resource-acquisition machinery. Assembly machinery corre-
sponds to ribosomes, which contain both N and P, and resource-
acquisition machinery corresponds to nutrient-uptake proteins and
chloroplasts, which contain N but little or no P (refs 6, 12). The
allocation strategy determines both the ecological parameters and
the structural stoichiometry. We follow the growth-rate hypothesis,
that ribosome/RNA content largely explains both the growth rate
and the P content of organisms6. Finally, we determine the optimal
strategy under opposite ecological scenarios: during exponential
growth and at competitive equilibrium under different limiting
resources (N, P and light). Others have modelled carbon allocation
to different cellular components13,14, but these physiological models
do not investigate N:P ratios or use competition theory to deter-
mine the optimal allocation patterns under diverse ecological
conditions.

During exponential growth at saturating resource levels, the
optimal strategy maximizes the growth rate, mmax (Fig. 2a). Using
the parameters given below (see Methods), we find the optimal
allocation-to-assembly under exponential growth, R a ¼ 0.645,
giving a structural N:P ratio of 8.2. At competitive equilibrium,
the optimal strategy minimizes the break-even requirement of the
limiting resource, R* (Fig. 2b–d, ref. 15). The optimal allocation

strategy depends on which resource is limiting: (1) under light
limitation, the optimal allocation-to-assembly is R a ¼ 0.0447, giv-
ing a structural N:P ratio of 35.8; (2) under N limitation, the
optimal strategy is R a ¼ 0.0388, giving a structural N:P ratio of
37.4; and (3) under P limitation, the optimal strategy is
R a ¼ 0.0164, giving a structural N:P ratio of 45.0. Colimitation
results in an optimal strategy between these values that depends on
the resource supply ratio. These optimal N:P ratios roughly bracket
the range of variation observed in different species (Fig. 1). The
optimal strategy at equilibrium depends on the mortality rate the
phytoplankton experience; so conditions of high mortality, such as
during intense grazing, lead to greater allocation to assembly-
machinery and therefore a lower N:P ratio. In all cases, the optimal
strategy balances the conflicting needs for resource acquisition and
cellular assembly. Although our parameterization is necessarily
rough, given the available data, our qualitative conclusion that the
ecological trade-off between rapid growth and equilibrium com-
petitive ability generates a range of optimal N:P ratios is robust to
variation in model parameters.

Nitrogen-fixing species often have a higher N:P stoichiometry
than non-fixing species. For example, Trichodesmium blooms have
N:P ratios ranging from 42 to 125 (ref. 16). A simple explanation for
N-fixers’ high N:P ratios is that they have an exclusive and
inexhaustible N supply. Our model suggests another, less obvious
explanation. N fixation is energetically costly, leading to a lower v 0

I

in our model (less carbon incorporated per unit light energy
absorbed; see Methods), as observed for Trichodesmium16. Decreas-
ing v

0

I increases allocation to light harvesting and decreases allo-
cation to assembly machinery. Therefore, by this mechanism, N
fixers have high N:P ratios because they need more light-harvesting
machinery to power N fixation at the expense of P-rich assembly
machinery. Because both ribosomes and choloroplasts are N-rich,
the high N:P ratio of N fixers is mainly due to a low minimum P
quota Q min,P.

In our model, for a given environment a single strategy is optimal
and displaces all others. Therefore, our approach does not
address Hutchinson’s paradox of plankton diversity17. However,

Figure 1 Structural N:P ratio of 29 species of freshwater and marine phytoplankton. The

Redfield ratio is shown, as is the theoretical range predicted by the model under the

extreme ecological conditions of exponential growth (Opt exp) and competitive equilibrium

with light, N and P limiting (Opt I, Opt N and Opt P) conditions.

Figure 2 Fitness measures as a function of allocation to assembly machinery.

a, Maximum growth rate, mmax, b–d, break-even light (b), N (c) and (d) P levels. Species

with low R* values are good equilibrium competitors while those with high mmax values are

favoured under conditions of exponential growth. The optimal strategies are marked with

dots. Note that the allocation to assembly is much higher under exponential growth (a)

than at competitive equilibrium (b–d), and slightly higher under light and N limitation (b, c)

than under P limitation (d). Half-saturation constants used: K I ¼ 50 mE m22 s21,

K N ¼ 5.6 mmol N litre21, and K P ¼ 0.2 mmol P litre21, but these merely scale the

graphs in b–d.
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many mechanisms of coexistence have been explored18, effectively
resolving Hutchinson’s paradox. It may be useful to extend our
approach to models that permit multispecies coexistence.

The strategic perspective that we take in our model does not
specify the level at which variation in allocation occurs. Although
species vary in their structural stoichiometries (Fig. 1), intraspecific
variation is also possible, owing to either genetic diversity or
physiological flexibility. For example, in a series of chemostat
growth experiments with a single species, as the dilution rate passed
a critical value, the physiological parameters of the culture changed
dramatically19. The ‘slow-adapted’ cells grown at low-dilution
rates had an asymptotic growth rate, m, of 0.536 day21 and
Q min,P ¼ 9 £ 10217 mol P cell21, while the ‘fast-adapted’ cells
had m ¼ 1.13 day21 and Qmin,P ¼ 3.61 £ 10216 mol P cell21. This
agrees with our model, which predicts greater allocation to ribo-
somes and therefore increased P content at high mortality/growth
rates.

The Redfield N:P ratio of 16 does not emerge as a universally
optimal value from either our empirical survey (Fig. 1) or our
theoretical results. Instead, it should be seen as merely the current
average stoichiometry of phytoplankton in the ocean, weighted by
the relative abundance of species with different structural N:P
ratios. In turn, the relative abundance of species is determined by
the ecological conditions under which species grow and compete.
Competitive equilibrium selects high N:P ratios; exponential
growth selects low N:P ratios. Real ecosystems experience a mix of
equilibrium and exponential growth phases20, and therefore select
species with intermediate N:P ratios (C.A.K., unpublished results).
The major determinants of the optimal stoichiometry are the
biology and stoichiometry of ribosomes and proteins and the
mixture of exponential growth and equilibrium phases; the identity
of the limiting resource plays a minor role (Fig. 1). Most of the
variation in the optimal N:P ratio in our model results from
variation in Q min,P, because all types of machinery contain similar
amounts of N.

An implication of this view is that N:P ratios in the ocean could
vary over time, simply because of changes in the ecological balance
between exponential growth and equilibrium phases, or in N and P
availability. Falkowski2 asked whether biologists could rule out
Broecker and Henderson’s hypothesis that N:P ratios rose to 25
during glacial periods21. Our results show that this ratio is possible
and provide a mechanism that would allow decadal variation in N:P
ratios, as has been recently suggested22. Although our model
explains structural stoichiometry, the overall stoichiometry (struc-
tures plus stores) matches structural stoichiometry during expo-
nential growth7, and structural stoichiometry defines the N:P
requirements of phytoplankton that diazotrophs match through
N-fixation. At equilibrium at low mortality/growth rates, the overall
N:P stoichiometry is close to the N:P supply ratio6,7.

We suggest that field surveys23 should focus less on average values
and more on the variation in particulate and dissolved nutrient
ratios, by using higher spatial and temporal resolution and present-
ing the range of values observed rather than just averages. An
analysis of long-term time-series data from the North Pacific
illustrates the significant temporal variability in N:P stoichi-
ometry24. We await a simiarly extensive study of spatial variability
in N:P ratios in the sea. Although deep-water stoichiometry
integrates over long-time and whole-basin scales and should be
relatively constant in time and space, we suspect that greater
variability may exist in surface particulate ratios than has been
thought, as has been recently documented for C:N ratios25.

We have focused on understanding N:P ratios because N and P
are major macroelements in phytoplankton, possibly limiting their
growth, and playing an important part in coupled biogeochemical
cycles. A recent study has extended the concept of the Redfield-ratio
to include trace elements26. Different cellular components may be
involved, but we believe that our general modelling approach

linking cellular allocation patterns with competitive ability under
different ecological conditions could yield insights into the basis of
these other elemental ratios. This approach could also be extended
to other ecological trade-offs by considering the different types of
cellular machinery. A

Methods
Model and analysis
We use a three-resource version of Droop’s model for phytoplankton growth, with
equations for cell density, B, and the resource (R) to cell quotas, QR. The quota includes
both structural and storage pools. Quotas increase with nutrient uptake or photosynthesis,
modelled using a Michaelis–Menten function, fR(R) ¼ vRR/(K R þ R), where K is the half-
saturation constant, and decrease with growth, which is taken to be the minimum of three
Droop functions7,19. The growth rate at infinite quota is m, and Qmin,R is the minimum
quota at which growth ceases, corresponding to the amount of this element in the cell’s
structural machinery. Cell density increases with growth and decreases with density-
independent mortality.

dQP

dt ¼ f PðPÞ2 mmin 12
Qmin;P

QP
;12

Qmin;N

QN
;12

Qmin;C

QC

� �
QP

dQN

dt ¼ f N ðNÞ2 mmin 12
Qmin;P

QP
;12

Qmin;N

QN
;12
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� �
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dt ¼ f I ðIÞ2 mmin 12
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� �
QC

dB
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;12
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;12
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� �
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ð1Þ

where P, N and I are the available P, N and light levels and m is the mortality rate. These
equations are typically supplemented with equations describing the resource dynamics,
but because our results do not depend on the exact form of the resource equations, we
omit them. Each species follows a set of equations as in (1), and species compete solely
through shared use of the resources.

As in general resource–consumer models15, a species’ equilibrium competitive ability
for each resource is summarized by the break-even resource level, R*. For this model7:

P* ¼
mmKP Qmin;P

vP ðm2mÞ2mmQmin;P

N* ¼
mmKN Qmin;N

vN ðm2mÞ2mmQmin;N

I* ¼
mmKI Qmin;C

vI ðm2mÞ2mmQmin;C

ð2Þ

(P*, N*, I*) is the corner of an L-shaped zero-net-growth-isocline (ZNGI) typical of
essential resources15. Phytoplankton can grow when P . P*, N . N* and I . I*, that is,
when resource levels are above the ZNGI, and at equilibrium draw the resources down to
some point on the ZNGI. The maximum growth rate realised when a population grows
exponentially in a resource-saturated habitat is:

mmax ¼ min
mvP

mQmin;P þ vP
;

mvN

mQmin;N þ vN
;

mvI

mQmin;C þ vI

� 

ð3Þ

assuming that the quota equilibrates quickly7.
We characterize a species by its allocation to four different kinds of cellular machinery:

assembly machinery (ribosomes) and three types of resource-acquisition machinery
(N- and P-uptake proteins and chloroplasts). These make up R a, RN, R P and RI

proportions of dry mass, respectively. Each type of machinery has its own chemical
composition, with N x the proportion of N and Px the proportion of P. We assume that
these types of machinery constitute a fixed proportion p of the cell’s dry mass, which
provides a trade-off between the different components.

Ra þRN þRP þRI ¼ p ð4Þ

The 1 2 p proportion of biomass that we do not actively consider is assigned its own
stoichiometry, (No, Po). The allocation strategy determines the species’ maximum
assembly rate and resource uptake rates:

m¼ m
0
Ra;vN ¼ v

0

N RN ;vP ¼ v
0

PRP ;vI ¼ v
0

I RI ð5Þ

where the primed parameters quantify the efficiency of each kind of machinery. The
allocation strategy also determines the N and P content in structural material:

Qmin;N ¼ wðRaNa þRN NN þRPNP þRI NI þ ð12 pÞNoÞ

Qmin;P ¼ wðRaPa þRN PN þRPPP þRI PI þ ð12 pÞPoÞ
ð6Þ

where w is cell weight (g dry mass cell21). The structural N:P ratio is Qmin,N/Qmin,P.
Together, equations (4)–(6) map the physiological allocation strategy into ecological
parameters and structural stoichiometry.

Substituting equations (4)–(6) into equation (3), we find mmax as a function of R a

(Fig. 2a). The optimal strategy during exponential growth maximizes mmax. Substituting
equations (4)–(6) into equation (2), we get a formula for R* for each resource as a function
of allocation to assembly machinery (Fig. 2b–d). We find the optimal strategy at
equilibrium by minimizing R* for each resource. Algebraic expressions for the optimal
strategies are unwieldy, but can easily be found numerically.

Parameterization
The proportion of cell dry mass allocated to assembly and uptake machinery is set at
p ¼ 0.8, from the upper-end of the range (0.33–0.8) of protein þ RNA (ref. 12). Chemical
composition: assembly machinery (ribosomes), Na ¼ 0.162, Pa ¼ 0.053; nutrient-uptake
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machinery (proteins), NN ¼ N P ¼ 0.17, P N ¼ P P ¼ 0; light-harvesting machinery

(chloroplasts), NI ¼ 0.113 and P I ¼ 0.0032 (ref. 6). As a neutral choice, we set the

composition of the other biomass to the Redfield ratio, No ¼ 0.0631, Po ¼ 0.00873; our

results are relatively insensitive to these values. Assembly-machinery efficiency was set to

m
0
¼ 4.0 day21 (g (g dry mass)21)21 (ref. 13). Maximum carbon-uptake efficiency was set

to v
0

I ¼ w (16.8 g C day21 g21), using Pb
opt ¼ 20 mg C hr21 (mg chl a)21 (ref. 27), where

superscript b indicates normalization to biomass, and the proportion of chlorophyll a in

chloroplasts being 0.035 (ref. 28). Maximum N- and P-uptake efficiencies were set to

v
0

N ¼ w (3.0 £ 103 g N day21 (g N-uptake protein)21) and v
0

P ¼ w (6.7 £ 103 g P day21

(g P-uptake protein)21), based on nutrient-transporter turnover times of 0.01 s

(refs 29, 30). The minimum carbon quota was set to Q min,C ¼ 0.24w (ref. 12). The results

are independent of cell weight because w cancels from the expression for optimal R a. The

mortality rate was set to m ¼ 0.01 day21, chosen from the low end of the observed range to

illustrate the lowest feasible value of allocation to assembly machinery. We fix the ratio of

uptake machinery types to achieve colimitation during exponential growth, by equating

the three terms in the minimum of equation (3). This results in R N ¼ 0.00317 Ru,

R P ¼ 0.000381 Ru, and R I ¼ 0.996 Ru, which agrees with the observation that nutrient-

uptake proteins are usually a much smaller component of biomass than chloroplasts.
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Growing concern about how loss of biodiversity will affect
ecosystems has stimulated numerous studies1–5. Although most
studies have assumed that species go extinct randomly6–8, species
often go extinct in order of their sensitivity to a stress that
intensifies through time (such as climate change)9. Here we show
that the consequences of random and ordered extinctions differ.
Both depend on food-web interactions that create compensation;
that is, the increase of some species when their competitors
and/or predators decrease in density due to environmental stress.
Compensation makes communities as a whole more resistant to
stress by reducing changes in combined species densities. As
extinctions progress, the potential for compensation is depleted,
and communities become progressively less resistant. For
ordered extinctions, however, this depletion is offset and com-
munities retain their resistance, because the surviving species
have greater average resistance to the stress. Despite extinctions
being ordered, changes in the food web with successive extinc-
tions make it difficult to predict which species will show com-
pensation in the future. This unpredictability argues for ‘whole-
ecosystem’ approaches to biodiversity conservation, as seemingly
insignificant species may become important after other species
go extinct.

Interactions among species make it difficult to predict how
ecological communities will respond to environmental degra-
dation10, for two reasons. First, the sensitivity of an individual
species to environmental degradation depends not only on the
direct impact of degradation on that species, but also on the indirect
effects on that species caused by changes in densities of other
species11–13. For example, environmental degradation may decrease
the density of competitors and/or predators of a species, thereby
causing a compensatory increase in the density of that species14–17.
Second, as species go extinct, links within the food web are severed,
changing the pathways through which indirect effects operate.
Changes in food-web structure depend on the order in which
species go extinct, making it difficult to extrapolate from studies
that assume extinctions are random to real communities
facing progressively intensifying stress from environmental degra-
dation18.

To disentangle the effects of species interactions on the ability of
communities to tolerate environmental degradation, we used
mathematical simulations to compare how communities resist
changes in abundance as species go extinct randomly versus going
extinct in order of their sensitivity to an environmental stress. We
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